We show that there does not exist a Kobayashi hyperbolic complex manifold of dimension n = 3, whose group of holomorphic automorphisms has dimension n 2 + 1 and that, if a 3-dimensional connected hyperbolic complex manifold has automorphism group of dimension 10, then it is holomorphically equivalent to the Siegel space. These results complement earlier theorems of the authors on the possible dimensions of automorphism groups of domains in complex space.
Introduction
Let M be a complex manifold of complex dimension n and Aut(M) the group of its holomorphic automorphisms. The group Aut(M) is a topological group with the natural compact-open topology. If M is Kobayashi-hyperbolic (e.g., if M is a bounded domain in complex space), then Aut(M) is in fact a finitedimensional real Lie group whose topology agrees with the compact-open topology [Ko1] , [Ko2] .
We are interested in the problem of characterizing hyperbolic complex manifolds by the dimensions of their automorphism groups. Let M be such a manifold. It is known (see [Ka] , [Ko1] ) that dim Aut (M) ≤ n 2 + 2n and, if M is connected and dim Aut (M) = n 2 + 2n, then M is holomorphically equivalent to the unit ball B n ⊂ C n . In [IK] we obtained the following result.
THEOREM 1.1 Let M be a connected hyperbolic manifold of complex dimension n ≥ 2. Then the following holds:
(a) If dim Aut(M) ≥ n 2 + 3, then M is biholomorphically equivalent to B n .
(b) If dim Aut(M) = n 2 + 2, then M is biholomorphically equivalent to B n−1 × ∆, where ∆ is the unit disc in C.
In this paper we completely characterize hyperbolic manifolds with automorphism groups of dimension n 2 + 1. In [GIK] we observed that the automorphism group of a hyperbolic Reinhardt domain in C n cannot have dimension n 2 + 1. Therefore, it has been our expectation that there should be very few manifolds with dim Aut(M) = n 2 + 1. In fact, we have known of only one example of a manifold with such an automorphism group dimension; this occurs in dimension n = 3.
Example. Consider the 3-dimensional Siegel space (the symmetric bounded domain of type (III 2 )):
S := (z 1 , z 2 , z 3 ) ∈ C 3 : E − ZZ is a positive-definite matrix , where Z := z 1 z 2 z 2 z 3 , and E is the 2 × 2 identity matrix. The automorphism group of this domain is isomorphic to Sp 4 (R)/{±Id} and has dimension 10 = 3 2 +1 (see, e.g., [S] ).
In this paper we prove the following theorem that shows that the Siegel space S is indeed the only possibility. THEOREM 1.2 Let M be a connected hyperbolic manifold of complex dimension n ≥ 2. Then the following holds:
(b) If n = 3 and dim Aut(M) = 10, then M is holomorphically equivalent to the Siegel space S.
Note that, for n = 1, all manifolds with positive-dimensional automorphism groups are known explicitly [FK] . In particular, if dim Aut(M) = 3, then M is equivalent to ∆, and there does not exist a hyperbolic manifold M with dim Aut(M) = 2.
There is probably no hope to obtain a complete classification of all ndimensional hyperbolic manifolds with automorphism groups of dimension n 2 or smaller. Indeed, in [GIK] we classified all hyperbolic Reinhardt domains in C n whose automorphism groups have dimension n 2 , and even in this special case the classification is rather large and non-trivial.
For the sake of completeness of our exposition, and because some of the ideas originating there will recur in the proof of Theorem 1.2, we reproduce the proof of Theorem 1.1 in Section 2. We prove Theorem 1.2 in Section 3.
Before proceeding, we would like to thank W. Kaup for helpful discussions and for showing us useful references.
Proof of Theorem 1.1
For the proof of Part (a) of Theorem 1.1 we need the following lemma.
Lemma 2.1 Let G be a Lie subgroup of the unitary group U(n) and let G c be its connected component of the identity. Suppose that dim G ≥ n 2 −2n+3, n ≥ 2, n = 4. Then either G = U(n), or G c = SU(n). For n = 4 this list must be augmented by subgroups of U(4) whose Lie algebras are isomorphic to R ⊕ sp 2,0 .
Proof of Lemma 2.1: Since G is compact, it is completely reducible (see, e.g., [VO] ) and thus is isomorphic to a direct product G 1 × . . . × G k ; here G j for each j is a compact subgroup of U(n j ), k j=1 n j = n, and G j acts irreducibly on C n j . Since dim G j ≤ n 2 j and dim G ≥ n 2 − 2n + 3, it follows that k = 1, i.e. G acts (complex) irreducibly on C n . Let g ⊂ u n be the Lie algebra of G and g C ⊂ gl n its complexification. It then follows that g C acts irreducibly and faithfully on C n . Therefore by a theorem ofÉ. Cartan (see, e.g., [GG] ), g C is either semisimple or is the direct sum of a semisimple ideal h and C, where C acts on C n by multiplication. Clearly the action of the ideal h on C n is irreducible and faithful. Suppose first that g C is semisimple, and let g C = g 1 ⊕ . . . ⊕ g m be its decomposition into the direct sum of simple ideals. It then follows (see, e.g., [GG] ) that the representation of g C is the tensor product of some irreducible faithful representations of g j . Let n j denote the dimension of the representation of g j , j = 1, . . . , m. Then n = n 1 · . . . · n m and dim C g j ≤ n 2 j − 1, n j ≥ 2 for j = 1, . . . , m. It is now not difficult to prove the following claim.
It follows from the claim that m = 1, i.e., g C is simple. The minimal dimensions of irreducible faithful representations of complex simple Lie algebras are well-known (see, e.g., [VO] ). In the table below V denotes representations of minimal dimension. Since dim C g C ≥ n 2 −2n+3, it follows that g C ≃ sl n . Since g is a compact algebra, we get that g = su n (see [VO] ) and therefore G c = SU(n) (note here that if g is a subalgebra in u n and g is isomorphic to su n , then g coincides with su n , i.e., it consists exactly of matrices with zero trace).
Suppose now (for the second case) that g C = h⊕C, where h is a semisimple ideal in g C . Then, repeating the above argument for h and taking into account that dim h ≥ n 2 − 2n + 2, we conclude that h ≃ sl n for n = 4. Therefore, for n = 4, g C = gl n and hence g = u n , which implies that G = U(n). For n = 4, either h ≃ sl 4 or h ≃ sp 4 . We thus find that either g = u 4 (in which case G = U(4)), or g ≃ R ⊕ sp 2,0 .
The lemma is proved. 2
Proof of Theorem 1.1, Part (a): Let p ∈ M and let I p denote the isotropy group of p in Aut(M). Since the complex dimension of M is n, the real dimension of any orbit of the action of Aut(M) on M does not exceed 2n, and therefore we have dim I p ≥ n 2 − 2n + 3. Consider the isotropy representation α p :
The mapping α p is a continuous group homomorphism (see, e.g., Lemma 1.1 of [GK] ) and thus is a Lie group homomorphism (see [Wa] ). Since I p is compact (see [Ko1] ), there is a positive-definite Hermitian form h p on
is the group of complex linear transformations of T p (M) preserving the form h p . We choose a basis in T p (M) such that h p in this basis is given by the identity matrix.
By [E] and [Ki] , the mapping α p is one-to-one. Further, since dim I p ≥ n 2 − 2n + 3, we see that α(I p ) is a compact subgroup of U hp (n) of dimension at least n 2 − 2n + 3. We are now going to use Lemma 2.1. Assume first that n = 4. Then we have that either
c = SU hp (n) (the latter denotes the subgroup of U hp (n) consisting of matrices with determinant 1). The groups U hp (n) and SU hp (n) act transitively on the unit sphere in T p (M) and thus act transitively on directions in T p (M) (see [GK] and [BDK] for terminology). Since M is non-compact (because the dimension of Aut(M) is positive-see [Ko1] ), the main result of [GK] and its generalization in [BDK] applies. Thus M is biholomorphically equivalent to B n (and therefore the possibility α p (I p ) c = SU hp (n) is in fact not realizable).
Suppose now that n = 4. If we have that either α p (I p ) = U hp (4), or else α p (I p ) c = SU hp (4) for some p ∈ M, then by the above argument M is equivalent to B 4 . Suppose now that the Lie algebra of α p (I p ) is isomorphic to R ⊕ sp 2,0 for every p ∈ M. Then dim α p (I p ) = 11 for any p. Since dim Aut(M) ≥ 19, we have that in fact dim Aut(M) = 19, and thus M is homogeneous. Therefore, by [N] , [P-S] , M is biholomorphically equivalent to a Siegel domain D ⊂ C 4 of the first or second kind. Further, we note that any representation φ : sp 2,0 → gl 4 is conjugate to the standard embedding of sp 2,0 into gl 4 by an element from GL(4, C) (to see this, one can extend φ to a 4-dimensional representation of the complex Lie algebra sp 4 and notice that such a representation is unique up to conjugation by elements of GL(4, C)). Therefore φ(sp 2,0 ) contains an element X such that exp(X) = −id, and thus α p (I p ) contains −id for any p. Hence the domain D is in fact symmetric. It now follows from the explicit classification of symmetric Siegel domains (see [S] ) that in fact there is no symmetric Siegel domain in C 4 with automorphism group of dimension equal to 19. This concludes the proof of Part (a).
For the proof of Part (b) we will need the following lemma (which follows from the proof of Lemma 2.1).
Lemma 2.2 Let U h (n) be the group of linear transformations of a complex n-dimensional space V that preserve a positive-definite Hermitian form h on V , and let G be a Lie subgroup of
, where h j is the restriction of h to V j . For n = 4, there is the additional possibility that G can be any subgroup of U h (4) with Lie algebra isomorphic to either sp 2,0 or R ⊕ sp 2,0 .
Proof of Theorem 1.1, Part (b): We will use the notation from the proof of Part (a) above. Let p ∈ M and I p be the isotropy group of p in Aut(M). Then we have dim I p ≥ n 2 − 2n + 2 and thus α p (I p ) is a subgroup of U hp of dimension at least n 2 − 2n + 2. We now use Lemma 2.2. If, for some p ∈ M, we have that either α p (I p ) = U hp (n) or α p (I p ) c = SU hp (n), then α p (I p ) acts transitively on directions in T p (M). Hence, as in the proof of Part (a), M is biholomorphically equivalent to B n ; this is impossible since dim Aut(M) = n 2 + 2. Further suppose that, for any point p ∈ M, T p (M) splits into the sum of 1-and (n − 1)-dimensional h p -orthogonal complex subspaces
(n − 1). In particular, dim I p = n 2 − 2n + 2 for all p ∈ M and therefore M is homogeneous. Then, by [N] , [P-S] , M is biholomorphically equivalent to a homogeneous Siegel domain D of the first or second kind. Since α p (I p ) contains the transformation −id for all p ∈ M, the domain D is in fact symmetric. The theorem for n = 4 now follows from the explicit classification of symmetric Siegel domains (see [S] ).
Suppose now that n = 4 and that, for some point p ∈ M, the Lie algebra of α p (I p ) is isomorphic to either sp 2,0 or to R ⊕ sp 2,0 . In the proof of Part (a) we noted that any embedding of sp 2,0 into gl 4 is conjugate by an element of GL(4, C) to the standard one. Therefore α p (I p ) contains a subgroup that is conjugate by an element of GL(4, C) to Sp 2,0 . Since Sp 2,0 acts transitively on the sphere of dimension 7, we get that α p (I p ) acts transitively on directions in T p (M) and therefore, as in the proof of Part (a), M is biholomorphically equivalent to the unit ball which is impossible.
The theorem is proved. 2
Remark. The argument in the last paragraph in the proof of Part (b) could also be used in the proof of Part (a) for the case n = 4 without reference to the classification theory of symmetric domains. For hyperbolic Reinhardt domains, Theorem 1.1 was obtained by a different argument in [GIK] .
Proof of Theorem 1.2
We will use the notation from the proof of Theorem 1.1. Suppose first that n = 2. Since dim Aut(M) = 5, for any point p ∈ M we have dim α p (I p ) ≥ 1. It follows from Lemma 2.2 that, if G is a positive-dimensional closed subgroup of U(2), then one of the following holds:
(iii) C 2 splits into a sum of two 1-dimensional orthogonal subspaces V 1 and V 2 , such that G = U h 1 (1)×U h 2 (1), where h j is the restriction of the standard Hermitian form on C 2 to V j ;
If, for some p ∈ M, α p (I p ) is as in (i) or (ii), then M is holomorphically equivalent to B 2 ⊂ C 2 , which is impossible since dim Aut(M) = 5. If, for every p ∈ M, α p (I p ) is as the group G in (iii) (i.e., T p (M) splits into a sum of subspaces V 1 and V 2 as in (iii)), then, for every p ∈ M, α p (I p ) contains the element −id. Since M is hyperbolic, it is a complex metric Banach manifold (when equipped with the Kobayashi metric). It now follows from the results of [V] (see Theorem 17.16 in [U] ) that M is homogeneous, which is again impossible.
If, for every p ∈ M, α p (I p ) is 1-dimensional, then M is homogeneous and hence is equivalent to a bounded homogeneous domain in C 2 [N] . Therefore, M is equivalent to either B 2 or ∆ 2 . But such an equivalence is impossible since dim Aut(B 2 ) = 8 and dim Aut(∆ 2 ) = 6. We now assume that M = M 1 ∪ M 2 , with M 1 , M 2 = ∅, and, for p ∈ M 1 , α p (I p ) is as the group G in (iii) and, for p ∈ M 2 , α p (I p ) is 1-dimensional. Fix p 0 ∈ M 2 and let Ω be the orbit of p 0 under Aut (M) c . Then Ω is a homogeneous subdomain of M. Therefore, Ω is holomorphically equivalent to either B 2 or ∆ 2 . Consider the restriction map φ : Aut(M) c → Aut(Ω):
Clearly, φ is continuous and hence a Lie group homomorphism. It is also one-to-one by the uniqueness theorem. Therefore Aut(Ω) contains a (not necessarily closed) subgroup H of dimension 5 that acts transitively on Ω.
Since M 1 = ∅, H contains a subgroup isomorphic to U(1) × U(1). It now follows from the explicit formulas for the automorphism groups of B 2 and ∆ 2 that such a subgroup H in fact does not exist. This proves Part (a) for n = 2.
Suppose now that n = 3. If dim Aut(M) = 10 then, for any p ∈ M, we have dim α p (I p ) ≥ 4. It follows from Lemma 2.2 that, if G is a closed subgroup of U(3) of dimension at least 4, then one of the following holds:
(iii) C 3 splits into a sum of a 1-and 2-dimensional orthogonal subspaces V 1 and V 2 respectively such that G = U h 1 (1)×U h 2 (2), where h j is the restriction of the standard Hermitian form on
If, for some p ∈ M, α p (I p ) is as in (i) or (ii) then, as above, M is holomorphically equivalent to B 3 ⊂ C 3 , which is impossible since dim Aut(M) = 10.
If, for every p ∈ M, α p (I p ) is as the group G in (iii), then, by [V] , as in the case n = 2 above, M is homogeneous which is impossible.
If, for every p ∈ M, α p (I p ) is 4-dimensional, then M is homogeneous and hence is holomorphically equivalent to one of the following domains: B 3 , B 2 × ∆, ∆ 3 , or the Siegel space S. Among these domains only S has automorphism group of dimension 10.
We now assume that M = M 1 ∪ M 2 , with M 1 , M 2 = ∅, and, for p ∈ M 1 , we suppose that α p (I p ) is as the group G in (iii) and, for p ∈ M 2 , α p (I p ) is 4-dimensional. As in the case n = 2 above, this implies that there exists a subdomain Ω ⊂ M such that Aut(Ω) contains a subgroup H of dimension 10 that acts transitively on Ω and that contains a subgroup isomorphic to U(1) × U(2). It now follows from the explicit formulas for the automorphism groups of B 3 , B 2 × ∆ and S that such a subgroup H in fact does not exist. This proves Part (b).
Let now n ≥ 4. Since dim Aut(M) = n 2 + 1, for any p ∈ M we have dim α p (I p ) ≥ n 2 − 2n + 1. It follows from Lemma 2.2 that, if G is a closed subgroup of U(n) of dimension at least n 2 − 2n + 1, then one of the following holds:
(iii) C n splits into a sum of a 1-and (n − 1)-dimensional orthogonal subspaces V 1 and V 2 respectively such that G = U h 1 (1) × U h 2 (n − 1), where h j is the restriction of the standard Hermitian form on C n to V j ;
and, for n = 4, there is one more possibility:
(v) The Lie algebra of G is isomorphic to either sp 2,0 or R ⊕ sp 2,0 .
If, for some p ∈ M, α p (I p ) is as in (i), (ii) or (v), then, as above, M is holomorphically equivalent to B n ⊂ C n , which is impossible since dim Aut(M) = n 2 + 1. If, for every p ∈ M, α p (I p ) is as the group G in (iii), then by [V] , M is homogeneous which is impossible.
If, for every p ∈ M, α p (I p ) is n 2 − 2n + 1-dimensional, then M is homogeneous and hence, by [N] , [P-S] , is equivalent to a Siegel domain of the first or second kind in C n . We now need the following proposition which is of independent interest as it gives an alternative proof of Theorem 1.1 and a proof of Theorem 1.2 for Siegel domains in C n , n ≥ 4. Proof of Proposition 3.1: The domain U has the form
where 1 ≤ k ≤ n, C is an open convex cone in R k not containing an entire line and
such that F (z, z) ∈ C \ {0} for all non-zero z ∈ C n−k . We will first show that k ≤ 2. It follows from [KMO] that dim Aut(U) ≤ 4n − 2k + dim g 0 (U).
Here g 0 (U) is the Lie algebra of all vector fields on C n of the form
where A ∈ gl n−k , B belongs to the Lie algebra g(C) of the group G(C) of linear automorphisms of the cone C, and the following holds:
for z ∈ C n−k . By the definition of Siegel domain, there exists a positivedefinite linear combination R of the components of the Hermitian form F . Then, for a fixed matrix B in formula (3.2), the matrix A is determined at most up to a matrix that is Hermitian with respect to R. Since the dimension of the algebra of matrices Hermitian with respect to R is equal to (n − k) 2 , we have
and thus the following holds
Proof of Lemma 3.2: Fix a point x 0 ∈ C and consider its stabilizer
The stabilizer is compact since it leaves stable the bounded open set C ∩ (x 0 − C) and therefore we can assume that it is contained in the group O(k, R). The group O(k, R) acts transitively on the sphere S(|x 0 |) of radius |x 0 | in R k , and the stabilizer H x 0 of the point
and therefore
It now follows from (3.3) and Lemma 3.2 that dim Aut(U) ≤ 3k
It is easy to check that the right-hand side in (3.4) is strictly less than n 2 + 1 for n ≥ 4 and k ≥ 3. Therefore, k ≤ 2.
If k = 1, the domain U is equivalent to B n . Suppose that k = 2. Without loss of generality we can assume that the first component F 1 of the C 2 -valued Hermitian form F , is positive-definite. We will show that the second component F 2 has to be proportional to F 1 . Indeed, if F 2 is not proportional to F 1 , then in formula (3.2) the matrix A is determined by the matrix B up to transformations that are : (1) Hermitian with respect to the positive-definite form F 1 ; (2) Hermitian with respect to some other Hermitian form which is not proportional to F 1 . The dimension of the algebra of matrices satisfying conditions (1) and (2) does not exceed (n − 2) 2 − 2, and therefore
.
which together with Lemma 3.2 implies
which is a contradiction. Thus, F 2 is proportional to F 1 . Therefore, U is holomorphically equivalent to one of the following domains:
U 1 := (z, w) ∈ C n−2 × C 2 : Im w 1 − |z| 2 > 0, Im w 2 > 0 , or U 2 := (z, w) ∈ C n−2 × C 2 : Im w 1 − |z| 2 > 0, Im w 2 − |z| 2 > 0 .
The domain U 1 is equivalent to B n−1 ×∆. We will show that dim Aut(U 2 ) < n 2 +1. Let g(U 2 ) be the Lie algebra of Aut(U 2 ). By [KMO] , g(U 2 ) is a graded Lie algebra:
where dim g −1 (U 2 ) = 2, dim g −1/2 (U 2 ) = 2(n − 2), and g 0 (U 2 ) is described by (3.2). It is clear from (3.2) that dim g 0 (U 2 ) = n 2 − 4n + 5. Further, g 1/2 (U 2 ) and g 1 (U 2 ) admit explicit descriptions (see [S] ). These descriptions imply that g 1/2 (U 2 ) = {0}, g 1 (U 2 ) = {0}, and therefore dim g(U 2 ) = n 2 − 2n + 3 < n 2 + 1.
The proposition is proved.
We will now finish the proof of Theorem 1.2. It follows from Proposition 3.1 that, if, for every p ∈ M, α p (I p ) is n 2 − 2n + 1-dimensional, then M has to be equivalent to either B n or B n−1 × ∆ which is impossible since the dimensions of the automorphism groups of these domains are bigger than n 2 + 1. We now assume that M = M 1 ∪ M 2 , with M 1 , M 2 = ∅, and, for p ∈ M 1 , we suppose that α p (I p ) is as the group G in (iii) and, for p ∈ M 2 , α p (I p ) is n 2 − 2n + 1-dimensional. As in the cases n = 2, 3 above, this implies that there exists a subdomain Ω ⊂ M such that Aut(Ω) contains a subgroup H of dimension n 2 + 1 that acts transitively on Ω and that contains a subgroup isomorphic to U(1) × U(n − 1). It now follows from the explicit formulas for the automorphism groups of B n and B n−1 × ∆ that such a subgroup H in fact does not exist. This proves Part (a) for n ≥ 4.
